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The recently introduced concept of coherent polymor-
phic beam (PB), which is focused into a 2D light curve
of arbitrary form with independently prescribed phase
along it, is a fruitful generalization of the “perfect” ring
vortex and opens up new perspectives in all-optical par-
ticle manipulation and light material processing. Its ap-
plication for optical transport of micro/nano-particles
has been experimentally demonstrated. However, the
propagation of the PB has not been studied yet. In this
letter, we derive analytical expressions for the propaga-
tion of the truncated PB and its partially coherent coun-
terpart through the first-order optical systems, in partic-
ular: the rotationally symmetric and twisting systems
described by the fractional Fourier and Gyrator trans-
forms, respectively. These expressions clarify the light-
curve formation from truncated PB and can be easily
applied for the numerical simulation of the partially co-
herent PB propagation.
© 2019 Optical Society of America
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Laser beam shaping into a high-intensity-gradient light curve
of arbitrary shape, with independently prescribed phase and po-
larization along it, is required in many and rather different areas:
optical micro/nano-particle manipulation [1–6], light material
processing at macro/micro-scale, and lithography [7, 8] to name
a few. Recently we have introduced the concept of coherent
polymorphic beam (PB) which, under focusing, is transformed
into a 2D laser curve with desired phase and polarization along
it [9, 10]. This type of beam can be seen as a fruitful generaliza-
tion of the “perfect” ring vortex [11] and provides many degrees
of freedom: independent control of form and size of the curve,
phase and polarization distribution along the curve.
The complex field amplitude of a scalar monochromatic co-
herent PB is defined as [9]
EPB (r, 0) =
T∫
0
g(t) exp
[
−i2piµRT (t)r
]
dt, (1)
where r = (x, y)
T
is a position vector in the input plane,
R (t) = (R(t) cos t,R(t) sin t)
T
is a vector of the associated 2D
target curve in the Fourier conjugated domain and µ is a normal-
ization constant of dimension m−2. Note that symbol T stands
for vector transposition while the italic letter t ∈ [0, T] repre-
sented the polar angle of the parametric curve. It is easy to see
that under the focusing, described by the Fourier transform (FT),
the beam is transformed into the target curve R (t), which can be
open or closed. The scale of the curve is maintained if µ = 1/λf,
where λ is a wavelength and f is the focal length of the conver-
gent lens. Note that when |R (t)| = R the PB is transformed,
depending on g(t), into the Bessel beam, which collapses under
the focusing into a “perfect” ring vortex [11, 12], or into other
closely related non-diffractive beams [13]. While R (t) describes
the shape of the curve, the complex weight function [9]
g (t) = |g (t)| exp
[
i
2pil
S (T)
S (t)
]
, (2)
controls the amplitude and phase distributions along the curve.
Thus, the field amplitude distribution along the curve is given by
|E˜(t)| = |g (t)| /κ
∣∣∣ .R(t)∣∣∣, where: ∣∣∣ .R(t)∣∣∣ = √ .R(t)2 + R(t)2 with
.
R(t) = dR(t)/dt, and κ = L/λf with L =
∫ T
0
∣∣∣ .R(τ)∣∣∣dτ being
the curve length [9]. The phase of g(t), described by the real func-
tion S(t), controls the phase variation along the curve and the pa-
rameter l defines the phase accumulation along the entire curve.
For example, a light curve with uniform intensity distribution is
obtained if |g (t)| = E0κ
∣∣∣ .R(t)∣∣∣ , while S (t) = ∫ t0 ∣∣∣ .R(τ)∣∣∣dτ pro-
vides a uniform phase distribution along the curve R(t). Note
that the distribution and the global accumulation (l) of the phase
along the target curve do not depend on the curve shape and
size.
The focused PBs have been used for optical transport of
micro/nano-particles [9, 14, 15], however, the propagation of the
PB, which is a goal of this letter, has not been studied yet. More-
over, here we consider the propagation of physically realizable
(truncated) PBs and extend the study to the partially coherent
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case. We derive analytical expressions for the propagation of
Schell-model Gaussian-truncated PB through first-order optical
systems [16], that allows deeper understanding of light-curve
formation. In particular, we consider the propagation through
rotationally symmetric and twisting systems.
First of all, similarly to Bessel-Gaussian beams [17, 18], we
introduce a PB with Gaussian envelop (GPB):
E(r, 0) = exp(−pia|r|2)EPB (r, 0) . (3)
Here, 1/
√
a plays the role of the effective aperture radius re-
quired for realizable truncated PBs. Second, we assume that
GPB is partially coherent (PC-GPB) and described in the input
plane by its mutual intensity (MI) with a Gaussian degree of
coherence γ (r) = exp
(
−piσ |r|2 /2
)
:
Γ (r1, r2, 0) = exp
(
−piσ
2
|r1 − r2|2
)
E (r1, 0) E∗ (r2, 0)
= C (r1, r2, 0) EPB (r1, 0) E∗PB (r2, 0) , (4)
where a and σ have dimension m−2. Here, for convenience, we
have introduced the MI of the partially coherent Gaussian beam
C (r1, r2, 0) = exp
[
−pia
(
|r1|2 + |r2|2
)]
exp
(
−pi σ2 |r1 − r2|2
)
.
Let us consider the propagation of the PC-GPB through a
first-order optical system
Γ (r1,r2, H) =
∫∫
Γ
(
r′1, r′2, 0
)
KH
(
r′1, r1
)
K∗H
(
r′2, r2
)
dr′1dr′2,
(5)
being KH (r, r′) the kernel of the corresponding integral canoni-
cal transform (also often refereed as ABCD transform) [16]
KH
(
r′, r
)
=
b2 exp
[
ipib
(
r
T
DB−1r− 2r′TB−1r + r′TB−1Ar′
)]
√
det (iB)
,
(6)
which is associated with a symplectic ray transformation matrix
H =
( A B
C D
)
. Here A, B, C and D are real dimensionless 2× 2
submatrices and b = 1/λs has dimension m−2. Note that ABT =
BA
T
and B
T
D = D
T
B and then DB−1 and B−1A are symmetric
matrices. By substituting the Eqs. (1),(4),(6) in (5) and integrating
over r1 and r2 using the known expression
∫
exp
[
−pi
(
r
T
Pr + i2r
T
q
)]
dr=
1√
det P
exp
(
−piqTP−1q
)
(7)
with a 2 × 2 symmetric matrix P whose real part is positive
definite, after long but straightforward calculus, we obtain the
expressions for the evolution of the MI during the beam propa-
gation through the corresponding optical systems:
Γ (r1, r2, H) = C(r1,r2, H) · Γ˜ (r1, r2, H) =
= C(r1,r2, H)
T∫
0
T∫
0
G(t, t′, H)
× exp
[
piσµb
(
R
T
(t) (VM)−1B−1r2 + R
T (
t′
)
(VM)−1B−1r1
)]
×exp
[
−2piµb
(
R
T
(t)
(
V−1
)∗
B−1r1+R
T(
t′
)
V−1B−1r2
)]
dtdt′.
(8)
Here, C(r1,r2, H) corresponds to the propagated MI of the Gaus-
sian partially coherent beam:
C(r1,r2, H) =
b2
|det B| √det M det V
× exp
[
−pibrT1
[
b(B−1)T
(
V−1
)∗
B−1 − iDB−1
]
r1
]
× exp
[
−pibr2T
[
b(B−1)TV−1B−1 + iDB−1
]
r2
]
(9)
× exp
[
piσb2r
T
1
(
B−1
)T
(VM)−1B−1r2
]
,
and
G(t, t′, H) = G(t, t′, 0) exp
[
piσµ2R
T
(t) (VM)−1R
(
t′
)]
(10)
× exp
[
−piµ2
(
R
T
(t)
(
V−1
)∗
R (t) + R
T (
t′
)
V−1R
(
t′
))]
,
where
M = −ibB−1A + I(σ/2+ a) = MT ,
V = M∗ − σ2M−1/4 = VT ,
(VM)−1 =
[
(M∗M− σ2I/4)
]−1
=
[
(VM)−1
]∗
(11)
with I being a 2× 2 unity matrix, and G(t, t′, 0) = g(t)g∗(t′). The
Eqs. (8)-(10) allow analyzing the PC-GPB propagation through
any first-order optical system with det B 6= 0. We observe that
the MI of the PC-GPB at any plane of the system, including
the input one, is given as the product of the MI of the corre-
sponding partially coherent Gaussian beam and the MI of the
beam Γ˜ (r1, r2, H) related to the PB characteristics: curve equa-
tion R (t), input weight function g(t), normalization constant
µ as well as the parameters a and σ associated with the input
Gaussian envelop and the input coherence degree, respectively.
For more detailed analysis, we take into account the modi-
fied Iwasawa decomposition [19] and the cascadability of the
canonical transform. Then, we consider the evolution of the
MI, Γ(r1, r2|U), only in the systems related to the phase-space
rotations described by the 2× 2 unitary matrix U = X + iY =
S−1 (A + iB). Indeed, Γ(r1, r2|H) can be easily obtained from
Γ(r1, r2|U) by applying the corresponding scaling and phase
modulation
Γ(r1, r2|H) = |det(S)|−1 exp
[
−ipi
(
r
T
1Gr1 − r
T
2Gr2
)]
× Γ(S−1r1, S−1r2|U), (12)
where S =
(
AA
T
+ BB
T
)1/2
and G = −
(
CA
T
+ DB
T
)
S−2.
There are two important phase-space rotators [19]: Symmet-
ric fractional Fourier transform (frFT), Uαf = exp(iα)I, and gyra-
tor transform, Uαg = cos αI + i sin αJ, associated with the beam
propagation through rotationally symmetric and twisting opti-
cal systems, respectively. Here, we have introduced the matrix
J =
( 0 1
1 0
)
. In these cases, the matrices in the Eq. (6) are simpli-
fied. For the frFT B = sin αI, DB−1 = B−1A = cot αI, while for
the gyrator transform B = sin αJ and M = −ib cot αJ + (σ+ a)I.
The final expression for the MI propagation, one of the main
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results of this paper, is given by
Γ(r1,r2, Uαf ,g) = C(r1,r2, U
α
f ,g)
T∫
0
T∫
0
G(t, t′, Uαf ,g)
× exp
[
−i 2piµb
2 cos α
w2
(
R
T
(t) r1 − RT
(
t′
)
r2
)]
× exp
[
−piσµb sin α
w2
(
R
T
(t)− RT (t′))Λ(r1 − r2)] (13)
× exp
[
−2piaµb sin α
w2
(
R
T
(t)Λr1 + R
T (
t′
)
Λr2
)]
dtdt′
where w2 = b2 cos2 α+ a(σ+ a) sin2 α,
C(r1,r2, Uαf ,g) =
b2
w2
exp
[
−pi 2σb
2
w2
|r1 − r2|2
]
× exp
[
−pi ab
2
w2
(
|r1|2 + |r2|2
)]
(14)
× exp
[
−ipi b
(
b2 − a(σ+ a)) sin 2α
2w2
[
r1
T
Λr1 − r2TΛr2
]]
and
G(t, t′, Uαf ,g) = G(t, t
′, 0) exp
(
−piσµ
2 sin2 α
2w2
∣∣R (t)−R (t′)∣∣2)
× exp
[
−piaµ
2 sin2 α
w2
(
|R (t)| 2 + ∣∣R (t′)∣∣2)] (15)
× exp
[
−ipibµ
2 sin 2α
2w2
(
R
T
(t)ΛR (t)− RT (t′)ΛR (t′))].
Here Λ = I and Λ = J for the case of the frFT and gyrator
transform, correspondingly. We observe that the main difference
between these two cases is the form of the “smoothing” terms
(see the two last real-valued exponential terms in Eq. (13)) re-
lated to Gaussian truncation and partial coherence. In particular,
this will be the only difference for Fourier plane α = pi/2. It
is easy to prove that for α = 0 the Eq. (13) is reduced to the
Eq. (4) and for a and σ tending to 0 and α = pi/2 the beam
is transformed into the tight light curve. The evolution of the
weight function G(t, t′, Uαf ,g) is described by similar exponential
terms as there are in C(r1,r2, Uαf ,g), see Eq. (15), but with R (t)
and R (t′) instead of r1 and r2. In the PC-GPB case, the integrals
over t and t′ are not separable anymore due to the second ex-
ponential in G(t, t′, Uαf ,g) even for the calculus of the intensity
distribution I(r, Uαf ,g) = Γ(r,r, U
α
f ,g) derived from Eq. (13) by
the simple substitution r1 = r2 = r.
As an example, we consider propagation through rotation-
ally symmetric systems, associated with the frFT, that includes
a free space propagation for α ∈ [0,pi/2]. Since theoretical and
experimental analysis of the MI, which is a 4D complex func-
tion, is difficult, then the easily measurable intensity distribution
I(r, Uαf ) = Γ(r,r, U
α
f ) and 2D cross-correlation function (CCF),
CCF(r, Uαf ) = Γ(r,− r, Uαf ) [20, 21] are often used instead, for
beam characterization. The evolution of the intensity distribu-
tion and the CCF during beam propagation are described by the
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Fig. 1. Evolution of the I(r, Uαf ) =
∣∣∣CCF(r, Uαf )∣∣∣ during the
propagation of the ring-GPB (a) and sandglass-GPB (b). The
1/
√
a takes three values: 7R0 (first row), 7R0/2 (second row),
and 7R0/4 (third row). The first and the last columns in (a)
and (b) correspond to input (α = 0) and Fourier (α = pi/2)
planes. The second column in (a) displays the evolution of the
distribution profile for the ring-GPB during the beam propaga-
tion α ∈ [0,pi/2], whereas Visualization 1 shows the evolution
for the sandglass-GPB. The angle αc is marked with a down
arrow.
following equations:
I(r, Uαf ) =
b2
w2
exp
(
−2pib
2a
w2
|r|2
) T∫
0
T∫
0
G(t, t′, Uαf )
× exp
[
−i 2piµb
2 cos α
w2
(
R
T
(t)− RT (t′)) r] (16)
× exp
[
−2piµba sin α
w2
(
R
T
(t) + R
T (
t′
))
r
]
dtdt′
and
CCF(r, Uαf ) =
b2
w2
exp
[
−2pib
2(a+ σ)
w2
|r|2
] T∫
0
T∫
0
G(t, t′, Uαf )
× exp
[
−i 2piµb
2 cos α
w2
(
R
T
(t) + R
T (
t′
))
r
]
(17)
× exp
[
−2piµb(σ+ a) sin α
w2
(
R
T
(t)− RT (t′)) r]dtdt′,
where
G(t, t′, Uαf ) = G(t, t
′, 0) exp
(
−piσµ
2 sin2 α
2w2
∣∣R (t)−R (t′)∣∣2)
× exp
[
−piaµ
2 sin2 α
w2
(
|R (t)| 2 + ∣∣R (t′)∣∣2)] (18)
× exp
[
−ipibµ
2 sin 2α
2w2
(
|R (t)| 2 − ∣∣R (t′)∣∣2)].
Figures 1 and 2 present the propagation of the intensity
and CCF modulus distributions for two PC-GPBs, one as-
sociated with a ring target curve, the helical Bessel beam
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Fig. 2. Evolution of the I(r, Uαf ) and
∣∣∣CCF(r, Uαf )∣∣∣ during
the propagation of the ring-PC-GPB (a) and sandglass-PC-
GPB (b). The transversal coherence length takes the values
1/
√
σ1 = 7R0/5 (first two rows), 1/
√
σ2 = 7R0/10 (second
two rows). The first and the last columns in (a) and (b) corre-
spond to input (α = 0) and Fourier (α = pi/2) planes. The sec-
ond column in (a) displays the evolution of the distributions
profiles for the ring-PC-GPB during the beam propagation
α ∈ [0,pi/2], whereas Visualization 2 shows the evolution for
the sandglass-PC-GPB.
(ring-GPB), R(t) = R0 = 1/
√
µ = 0.4 mm and the
other, with a sandglass one given (sandglass-GPB) by R(t) =
R0
[
|1.1 cos (t)|17 + | 0.1 sin (t)| 32
] −1
4.2 , both with uniform ampli-
tude and phase distributions (l = 2). By having chosen the
parameters λ = 532 nm, f = s = 300 mm, then µ = b =
6.3 · 106m−2 and these curves are described by R(t) without
any scaling in Fourier plane. For a proper propagation analysis,
the I(r, Uαf ) and
∣∣∣CCF(r, Uαf )∣∣∣ have been normalized to the max-
imum value of the entire set ( α ∈ [0,pi/2]) in every studied case
(given a and σ).
Fig. 1 shows the case of fully coherent light (σ = 0) for three
different values of a. Due to point symmetry of the considered
curves R(r) = R(−r) when σ = 0 the intensity distribution
equals to the modulus of the CCF. The first and last columns
in Fig. 1(a) and Fig. 1(b) display the I(r, Uαf ) =
∣∣∣CCF(r, Uαf )∣∣∣ in
the input (α = 0) and Fourier (α = pi/2) planes, correspond-
ingly. We observe that the decrease of the effective aperture
1/
√
a yields to a shape blurring of the target curve, as expected.
Moreover, analysing the evolution of the intensity profiles for the
ring-GPB (Fig. 1(a), middle column) we observe that the value of
the αc, where the formation of the target curve starts, decreases
for smaller effective apertures. Interesting phenomenon occurs
when the form of the curve is different from the circle. We have
found that the intensity distribution for sandglass-GPB is “axis
asymmetric” for α 6= npi/2, with integer n, and makes a flip
when the sign of l is changed, in spite of the rotationally symme-
try of the system (see x− y intensity distribution evolution for
sandglass curve, Visualisation 1).
Fig. 2 present the evolution of the I(r, Uαf ) and
∣∣∣CCF(r, Uαf )∣∣∣
for ring and sandglass PC-GPBs with effective aperture 1/
√
a =
7R0. Note that, even for symmetric curves, I(r, Uαf ) 6=∣∣∣CCF(r, Uαf )∣∣∣ in the partially coherent case (σ 6= 0). We observe
that the decrease of the coherence also produces the blurring of
the intensity distribution of the target light curves up to their
transformation to almost uniform intensity distribution with
slightly notable curve contour. However, in spite of the curve
information washing in the intensity distribution in the Fourier
plane, the
∣∣∣CCF(r, Uαf )∣∣∣ maintains a well-defined fine structure
for α = pi/2 which correlates with the curve shape even for
relatively low coherence length 1/
√
σ = 0.1/
√
a (see second
and forth rows of Fig. 2(a) and (b)). These findings illustrate the
importance of the beam coherence characteristics which have
longer “memory” of the beam structure than the intensity distri-
bution, as observed in the last columns of Fig. 2.
Finally, we conclude that the derived expression for the MI
evolution of the PC-GPB during propagation through a general
first-order optical system (see Eq. (8-10) ) and its reduced version
for two principal phase-space rotators: fractional FT and gyrator
(see Eq. (13-15)) are an important start point for the analytical
and numerical study of the PC-GPB. The experimental study of
the PC-GPBs can be performed with the system reported in [22].
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